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Abstract- In thiS paper. the response of a vertically heterogeneous elaSllC halt~spaee with a smooth
modulus variation under a set of time-harmonic ring- and point-sources IS derived analytically. A
method of evaluation via asymptotic decomposition for the singular Green's functions is presented.
In the technique. the Green's functions are decomposed into an analytical part and a residual
component. Capturing the corresponding singular behavior. the analytical parts of the ring- and
point-load Green's functions are expressible in terms of the elliptic integrals and algebraic functions.
respectively. The residual1l1tegrals which are regular can be evaluated by numerieal eontour inte
gration. To obtain correct results. one must note and take mto account the existence of multiple
poles along the formal path of the lI1verSlOn integrals. the details of which are discussed in the paper.
To highlight the various aspeeb of the physical problem a ,et of tllustrative numerical results is
included.

I. INTRODlCTIO",

Solutions to elastodynamic boundary value problems associated with a smoothly het
erogeneous semi-infinite solid are of practical significance in the field of geomechanics,
seismology. and earthquake engineering because of the common occurrence of such site
conditions with respect to depth as a result of the natural deposition process as well as
gravity-induced stress conditions (Hardin and Drnevich. 1972). They are also relevant to
the stress analysis of modern micro-electronic components whose material property may
vary continuously by design. While a boundary element formulation can provide an efficient
and rigorous treatment of such elastodynamic problems (Brebbia ef al., 1984; Pak and Ji,
1994), its full potential for engineering application involving a heterogeneous medium has
thus far been limited to cases which can be simulated by homogeneous or piecewise
homogeneous media (Apse!. 1979; Pak. 1987; Banerjee and Mamoon, 1990) owing to a
lack of other Green's functions. As a cause of its complex mathematical description, the
phenomenon of wave propagation in a smoothly heterogeneous solid is, among other
aspects. generally characterized by continuous refractions which lead to curvilinear rays of
travel. While the gradual modulus variation can be approximated by a multi-layered system,
the resulting model can only predict piecewise-straight rays and may further suffer from
various artificial inter-layer dynamic phenomena which are not present in the true physical
problem.

In this paper, a set of fundamental Green's funclions for a vertically heterogeneous
half-space with a linear shear wave velocity profile is presented. Through the use of a
method of potentials. it is shown that the influence fields for internal ring- and point-loads
can be expressed as a combination of a number of Bessel integrals. To facilitate their
application in a computational boundary element setting. an accurate and efficient numeri
cal procedure for the evaluation of these singular solutions is also described. Useful as
benchmarks for the development and assessment of related approximate solutions, some
typical results for the exact Green's "unctions are a1-,o prOVided.
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2. MATHEMATICAL SOLUTIO'-J lOR A HETEROGENEOliS HALF-SPACE UNDER A
GENERAL BURIED SOURCE

Of interest here is the development of a set of fundamental solutions for a vertically
heterogeneous elastic half-space with a constant mass density p and a linear shear wave
velocity profile. An example of such a problem is the case of a solid medium with Lame'
constants

(1)

whose equations of motion can be written as

(2)

By virtue of the displacement-potential representation

(3)

in cylindrical coordinates (r. 0.:) with e, being the unit vector in the z-direction, the solution
to (I) and (2) can be determined in terms of the pseudo-dilatational potential <p and the
pseudo-distortional potentials X and II. which can uncouple the Navier equations (Pak and
Guzina, 1995). For a time harmonic. arbitrarily-distributed buried source across the plane
z = s in the vertically heterogeneous half-space with

L,(r.f).S .1)-Y.U,Ii.s· .1) = :L,;,~ f. R",(r) el",o e""'}.

(4)

(5)

(6)

where L" T,,), ... are the components of the Cauchy stress tensor, it can be shown by means
of Fourier decomposition and Hankel transforms that the displacement response admits
the following representation:

11, (r,II,:, I) = L,:

1IO(J', Ii.:. I) = L n

, I. u:':,(~. :)U",(re;) de; elmo e""
./(1

, ,

I a;;:, (::. :)UIII (re;) de; e""oe"
, ."

(7)

(8)

11 (r.II.:.1) = L,;, ,I~' a;:,(~,:)UIII(rOd~elllloe"o,.
..-,(1

(9)

In the above. w is the frequency of the time-harmonic motion. a/" denotes the mth-order
Hankel transform

am(c) = J" u,(r)rJ",(re;) dr,

"
(10)

and Jill is the Bessel function of the 1'1 kmd of order m, Together with the displacement
continuity requirement at : = s. the free-surface condition at z = 0 and the regularity
condition at infinity. (4)-(6) yield
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(II)

(12)

where Q}, Q2' ;'1' ;'2 and ;', are functions given in Appendix A involving modified Bessel
functions, and Xm , Y,,, and Z", are defined by the loading in the form of

Y",(~) = f;::- 1 (~) +iQ::: I (~)

Z",(() = R;::(~)

(14)

(15)

(16)

As will be illustrated in the next section, many practical fundamental solutions of interest
to integral equation methods can be derived by appropriate specification of the distributed
loading.

3. DYNAYlIC GREEN'S FCl"CTIONS FOR A HFTEROGE:--JEOUS HALF-SPACE

3.1. Axisymmetric radial ring-load o/radius a at 7 = s
With the time factor e"" suppressed henceforth for brevity, a time-harmonic radial

ring-load of unit intensity acting at a depth s can be expressed as

T, (I', It. s ) - L,(r. (i,I' ) = ()(r - a), (17)

where b(r) is the one-dimensional Dirac delta function. In the context of (4), (17) is
equivalent to the case where

(18)

with Pm = 0 for 111 1= 0 and Qm = R,,, = 0 for all 111. As a result, one may write the dis
placement Green's functions as

(19)

(20)

(21 )

where the first and the second subscript denote the direction of the load and the displacement
component, respectively.
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3.2. A.Yi,ITII1I11C{I"i( tOl"siona/ I"in.i/-/o(/(/ Ii! I"adius a a{ z = s
For the case of an axisymmetric internal torsional ring load which can be defined by

r,,(I". n.1 ) [,,(I". 0..1' ) = 6(r-a).

its Fourier components in (4) (6) ~lrL'

(22)

(23)

Q", = 0 for 111 * 0 and P'" = R,,, = 0 t~)r aliI/I. In this case, the corresponding radial, angular
and vertical components of the inlluence !ield can be expressed as

li,',::"~(I".n.::.a. .l1 ,I I ;k::;I:h)Ul(a()Jl(r~)d~
II., , '

/(',"(1".11.::;0,1) = O.

(24)

(25)

(26)

3.3. Axi.ITII1I11C1ri( /"('I"tica/ I"ilUj-/Ii(/(/ 0/ 1"(/(/1/(.1' a at z = s
A vertical ring-load of unit IIlten,it\ acting in the interior ofa half-space can be defined

by

which implies

(i. n. I I (I". 11..1' ) = 6(r-a), (27)

I(,(i :1) = ()(r-a). (28)

with Rnl = 0 for 111 =1= 0 and P", = Qn. = 0 for aliI/I. By virtue of (7) and (9), the components
of the displacement influence field can he written as

11"~(r.I!.:::a.l)

It ",} (,.. II. :: . a . .1') = 0

(29)

(30)

(31 )

As ;' I ( .; . :: . 1 : h) = ; I ( .;. s : :: : h). , .( ~. - . I : h) =" (-: • .I' : :: : h), Q 2(~, ::: ; .I' : h) = Q 2(~, 1 : Z : b) and
;')(~,::::I:h) = Qll-: . .I':::::h), it fnl!,ms that the foregoing Green's functions exhibit the
characteristic spatial reciprocity, iL' Ii"'" (,.. n,::: :a, I) = 11/,lI1g(a, f), l:r,:::) in the linear theory
of elasticIty.

3.4. UI/tllirlll hOl"i:::linta! rill,(/-!oai/ 01 wi/iul a at z = s
For a unifLlrm. time-harmoniL' hOrizontal ring load of unit intensity acting in the 0 = 00

direction. the load-induced stress discontinuities are

r ,(I". n.\ I • Ii. n.1 ) = cos (O-Oo)b(r-a)

r,li. n. \ I r(,.. 11.\ . l=-sin (0-00)6(r-a).

(32)

(33)
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From (32) and (33), one can easily deduce the Fourier components of the loading coefficients
are

e± iOn

P + I (r ;s) = -2-b(r-a) (34)

(35)

with Pm = Qm = °for m -# ± I and Rm= °for all m. For the foregoing asymmetric loading,
the vertical, radial and angular components of the influence field can be expressed as

-r' [~'2(~,:;S;b)-~"(~'=;S;b)1~Jo(a¢)J2(r~)d~}
.0

where the subscript h refers to the horizontal direction of the ring-load.

(37)

(38)

3.5. Vertical point load at r = 0, z = s
The vertical point-load Green's function can be derived from the results in Section 3.3

by considering a vertical ring-load of intensity 1/(2na) and taking the limit of a --+ 0, The
result is the influence field for a unit internal vertical point-load in the form of

u~)(r,e,=;s) = °
I IXu:f:'(r,e,:;s) = -2- n2(~,=;s;b)~Jo(rOd~.

nJ.lo 0

(39)

(40)

(41)

3.6. Horizontal point-load at r = 0, z = s
Analogous to Section 3.5, the Green's functions for a unit horizontal point load acting

at z = s, r = °in the e = eo direction can be obtained by considering Section 3.4 with a
ring-load intensity of 1/(2na) and taking the limit of a --+ 0. The resulting influence field can
be expressed as
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4. EVALLATIO" 01 1 HE (jREEt'\·S FLNCTIONS

(42)

(43)

(44)

Owing to the complex behavior of the integrands which involve modified Bessel
functions with frequency-dependent real and imaginary orders, a direct evaluation of
the improper integrals in the influence fields (19)-(44) is difficult both analytically and
numerically. The situation is further complicated by the expected singular behavior of some
of the Green's functions. To deal with such problems, it is useful to employ the method of
asymptotic decomposition (Pak, 1987) wherein the leading asymptotic expansions of the
featured integrands (responsible for singular behavior) are extracted and integrated ana
lytically so that the remaining parts with strong decay can be evaluated numerically.
Mathematically, one may write

(45)

In (45). superscript * stands for ring or pL while the subscripts I and 2 denote the analytically
and numerically evaluated parts of the influence fields, respectively. To illustrate the
approach. the evaluation procedure for some Green's functions will be presented in this
section. Analogous treatment can be developed for the rest of the influence fields.

4.1. Analrrimllr evaluared parrs oj {nt/lienee /leld.\
By virtue of the asymptotic expansions of modified Bessel functions with large argu

ments and fixed complex orders

IT r 4\"-1 (4\ -1)(4\"~-LJ) (4\"-1)(4\'-9)(4\"-25)
K,.(x) ~ e', 1+ -- + +-- ----

\ 2.\ I 8\ 2'(8yj' 3!(8\)'

9).(4.\ -=~5)(4\~-4~n,
4'(8 \)4 f IArg (x)1 < ~7I (46)

e' r
1,(x) ~ < I

" 2n I

(4\'" -1)(4\' -9)(4\' -25)

3'(8x)'

(47)

the leading asymptotic behavior of the functions ','1' ~'" /" ill and D, as ~ ....... Cf) can be
written as
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C
("iSYlll(~,Z:s;h) = ~ :e' 'T-2(':>I)~+2.::.lc']+e! '[2~lz-slm (48)

, I

I
(49)

where

"[(S-z)m

'! [2 + Iz-.\I~]}.

(50)

(51 )

(52)

(
1

6(1 +h.::)(] +hl)
(53)

Being also the parts of the integrands which cause the singular behaviors of the Green's
functions of interest. the foregoing asymptotic representations are independent of frequency
and are identical to those for the corresponding static problem. With (48)-(52), the first
part of the featured influence fields can be expressed as

'nil" _ . . (/ I '(u,,'),(r.O._.(/.I) =
Jlll .. 11

+ 2.::s1 : (I. I. 2) + 27 ! ( I. I. 0) -I.:: - .11.1 d I. I. I)] (54)

-2.::s.1 :(0. I. 2) + I.':: -1)1! (0. I. I Jl

(ii~\lIlg)1 (r. 0. .::: (/ . .1) = LI I ;,~s"'" (~ . .:: . .I: h)~Jo((/~)JI (r~) d~
jll! &! n

Lie .
::t,(1.0.0) 2('::-s)9:(1.0.1)

po '

LI \

(l,nng ) (r I:i _.([ I') - I A.,,,,,,, (' _... /) 'I ( ')J (")d'1::: I •• - • • ' - ~l.~ ':---'\. ') ':'!I,(ls, I)}~ S
Po. o

(55)

(56)

+2.::.1.1 :(0. O. 2) +29 i (0. O. 0)+ I: -sl.1 1(0. O. I)} (57)
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t I',.' [~";"'" (~,,::;s; h) _/:,ym(~,Z;5 ;b)]~J2(r~) d~}
"

Ccos((}-f!,,) I

= -~--~ :, 1,(0,0)-2(z+5)$2(0, I)
41!,uo -

+ 2.::\1 - ((L 2) +- 51 i (0,0) -I.:: -.I'I $ I (0, I)

+ :'2(2, 0) + 2(,::+s)/,(2. I)

-2.::sf,(2,2)~ 9',(2.0)+,.::-sl$,(2,1)} (58)

(59)

where

9/,(11I,11, f) == f(III,ILf.l',a.d i,) = I" J",(rf,)Jn(af,)e-d'~f,/d~,
.:11

Idm,f) == j(lII, f. I'.dd = " J",(rf,)e d'~f,/d~
",10

(60)

(61)

(62)

Analytical expressions for the req uired integrals in (60) and (61) are listed in Appendix
B. It should be noted that the integrals of the form (60) are expressible in terms ofcomplete
elliptic integrals [see Eason ef a1. (1955)]. while those in (61) can be written in terms of
closed-form algebraic functions (Erdelyi, 1954). Analogous to the case for a homogeneous
solid. it can be shown that (u,r;ng) I and (urlng ) I are logarithmically singular as r ~ a and z ~
.1', while (u,;,'h is Cauchy singular as r --> °and Z --> 5. In contrast, Green's functions
u,r;ng, u~:ng and ui;: exhibit no singularities.

4.2. Numericafh erafuafed parts 01 intfucncefields

As mentioned earlier. the residual integrands in the integral representation of the
Green's functions (at)2 are composed of regular functions. By design, they also decay
quickly with f, owing to the asymptotic extraction. As a result, the residual semi-infinite
integrals can be evaluated numerically with a suitable truncation of the integration interval.
For convenience, the integration is performed in terms of the auxiliary variable ( = ~/b,

which is the natural choice considering the form of the functions i'I' Yl, i'J, 0 1 and O2 [see
(A I )-(A5)]. These functions have generally a number of poles along the formal path of
inversion integrals in the complex :;-plane due to the zeros of their denominator A(e) defined
in (A 13) By virtue of the analyticIty of the Il1tegrands, the path of integration can be
deformed into the upper half-plane to avoid the singularities on these occasions. In the
selection of such modified paths. however, the following observations are pertinent.

With the dimensionless freq uency (') defined as
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ro =0.0, bro=0.05

5.0 10.0 15.0

Fig. Behm 10101 the denommator.'ll: I 1")1 small values 01' ('''(hl'o).

(0 = (63)

where 1'0 is a characteristic length. one may observe that both radicals 'Yo and f3 are real
valued for wj(hro) < I 2. In this case. Abs(,1.(,J) monotonically increases along the real
axis. starting from zero at ~ = 0 (see Fig. I). It can be shown by a limit analysis that the
featured integrands are all regular at s= O. Consequently. for (Ui(hro) < 1/2. there are no
poles along the formal path of integration. By virtue of the Cauchy theorem in the theory
of complex variables. one may thus deduce that the imaginary part of the kernels in (19)
(44) and, therefore. of the respective displacement influence fields will be identically zero.
i.e. no radiation damping. Physically this means the existence of a cutoff frequency. The
same phenomenon was observed by Gladwell (1964) in his study of the forced torsional
vibrations on an elastic stratum resting on a rigid base. and by Guzina (1992) in the study
of dynamic response of the surface footing resting on a heterogeneous half-space. The
reason for the existence of the cutoff frequency in a heterogeneous half-space is discussed
in Nettleton (1940) who observed that wave rays in such media are generally curved. In
particular, for soils with a linearly varying velocity. the wave will follow a circular path. as
shown in Fig. 2. Thus total reflection of waves is possible and does not require the presence
of a discontinuity in the elastic properties of the medium. Note that the circular wave paths
imply that one will find spherical wave fronts as in the homogeneous case, although their
centers are shifted downwards as the wave propagates through the medium.

For w/(bro) > 12, the typical behavior of the function ,1.(0 is presented in Fig. 3. As
the ratio w/(hro) increases. orders 'Y. and f3 (of the Bessel functions) become imaginary, and
multiple poles start to appear along the formal path of integration, i.e. the positive real (
axis. The phenomenon of multiple poles was also found by Gladwell (1964) in the case of
torsional vibrations on a homogeneous stratum. Furthermore. it is observed that with

z
" .

Wave Fronts
ltg. ~. \Vave propagation m heterogeneOlh media
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increasing (!) (hf,,). the number of the poks would increase and their positions along the
path of integration would move to the right. As an upper bound for the position of the
pole furthest from the origin (; = 0). one may adopt the location of the Rayleigh pole for
the homogeneous medium with i. = ,II = jI". l.e.

(64)

Physically. the above statement describes the lower bound for the phase velocities in the
heterogeneous medium characterized by (I) as the Rayleigh wave speed in its 'uppermost
layer'. jI = JI". In fact. as the ratio <') (hf,l ) increases. changes in the medium properties over
the wave length become smaller and the actual position of the pole furthest from the origin
approaches ~* from the left.

Prompted by (64). the length of the modified path with respect to ~ is chosen to be
d = 1.0+ l.l(!) (hf ll ). Furthermore. the modified path of integration should not be too close
to the real axis to avoid oscillatory behavior. nor too far from it to preserve the analyticity
of the integrand The resulting route is presented in Fig. 4.

, III 1 sTRAII\"! RESULTS

By means of the foregoing mathematical analysis and computational scheme, the
dynamic Green's functions for the vertically heterogeneous medium can be evaluated
numerically. In what follows. a set of numerical results will be presented for illustrative
purposes. To normalize the results. the characteristic length ro is chosen to correspond to
the radius of the ring load and the embedment depth of the point-load, respectively.

Im( S)

Modified Path of Integration

h = 0.5+0.ld

d = 1.0+ 1.1 wi br

Re(~)

Multiple Poles

I'l,~ 4 \l"ddied path III integration.



1015

--bra = 0.10
----. bra = 0.05
.............. bra = 0.01
--bra = 0.00

0.25

---.L--
(//

-0.05 r~__. --
0.0 4.0

s/ra = 4.0

8.0 12.0 16.0 20.0

0.10

0.00
,-..

.~::i

~ -0.10
.....
:3'.

-0.20

-- bra = 0.10
bra=0.05
bra = 0.01
bra =0.00

-0.30
0.0 5.0 15.0 20.0

hg Rlng-Il),,,] Creen's function

In Fig. 5, the real and imaginary parts of the Green's function u~~ng with s = 4a are
plotted versus depth along the surface r = a for a dimensionless frequency (lJ = 0.5. Results
are presented for three different values of the heterogeneity rate in the range
0.01 ~ bra ~ 0.10, together with the numerical results of the homogeneous half-space for
mulation, denoted by 'hr ll = 0.00'. From the display. it is apparent that as b decreases to
zero, both the real and imaginary parts of the Green's function approach the corresponding
solution for a homogeneous half-space. As expected, the real part of u!~ng exhibits a
logarithmic singularity at :: = .\ and r = a, while its imaginary part remains regular through
out. It can be also observed from Fig. 5 that the wave length increases and the imaginary
part diminishes with a higher value of h which means a stiffer medium. In fact, for a
sufficiently high h, the cutoff frequency would reach the prescribed frequency of excitation,
rendering the imaginary part of the response zero. In Fig. 6, the foregoing Green's function
is plotted versus the radial coordinate on the horizontal plane:: = s. Comparison with the
previous figure reveals that the displacement field has a slower decay in the radial direction
than in the z-direction along which the modulus increases.

The response of the medium due to a time-harmonic radial ring-source located at
s = 4a with (ij = 0.5 is illustrated in Fig. 7, where u,/ng is plotted as a function of the radius
at z = s. As a self-equilibrating buried source. the Green's function 11/;ng is characterized by
a more localized response at the neighborhood r = a. In addition, one may note that
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a;;ng(o, z; G, s) = 0, i.e. the radial component of the Green's function vanishes at r = 0,
which is in accordance with the axial symmetry of the problem.

Finally, the asymmetric Green's function ai:,l due to a horizontal point-load acting in
the 80 = °direction with Ii) = 3.0 is presented in Fig. 8. Taking s to be rlh the response is
plotted along the z-axis for II = O. Similar to the previous results, a decrease in the hetero
geneity parameter b is accompanied by a reduction of the wave length and an increase in
the magnitude of the displacements. Not surprisingly, the difference between the numerical
solutions for a homogeneous (hr u = 0.00) and a weakly heterogeneous (hro = 0.06) medium
is found to be small at points close to the free-surface. where the two solids have the same
modulus. By virtue of expression (58), the real component of the Green's function always
exhibits a Cauchy-singular behavior with the response becoming more localized with
increasing h. In other words. the singular character of the Green's function is not affected
by the spatial variations in the medium properties.

6 COVLLS[O:,\S

In this paper, the three-dImensional response of a smoothly heterogeneous elastic hall'oo
space due to a variety of time-harmonic ring- and point-sources is presented. The evaluation
of these Green's functions on the basis of decomposition into analytical and residual parts
is described in detail. The analytical parts for the ring- and point-load Green's functions
are found to be expressible in terms of the elliptic integrals and algebraic functions.
respectively. The residual regular parts of the Green's functions can be evaluated by the
method of numerical contour integration. A set of numerical results is presented and
compared to the solutions for a uniform half-space. highlighting the characteristic features
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of wave propagation in mcdia whose modulus increases continuously with depth. These
fundamental solutions can be directly incorporated into various boundary integral equation
methods for relevant boundary-value problems in solid and geo-mechanics. With the aid
of Fourier or Laplace transforms. the present solutions can be readily extended to the
treatment of transient problems .
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Here Flq), E(q) and [1(,!- 1') are the complete elliptiC Integrals or the first second and the third kind,
respectively. H(I' - al is the Heaviside step function, and ~'"'' IS the Kronecker delta. Finally.

4ra
(B[4)

(r+a)

4,.0
'I =

\I (1'+ al: + d

D = II' - a)-' ,d

d, = I: ':

(BI5)

(BI6)

(B17)

(BI8)

(BI9)


